Abstract. Differential interferometry (DI) with two coupled sensors is a most powerful approach for precision measurements in presence of strong phase noise. However DI has been studied and implemented only with classical resources. Here we generalize the theory of differential interferometry to the case of entangled probe states. We demonstrate that, for perfectly correlated interferometers and in the presence of arbitrary large phase noise, sub-shot noise sensitivities -up to the Heisenberg limitare still possible with a special class of entangled states in the ideal lossless scenario. These states belong to a decoherence free subspace where entanglement is passively protected. Our work pave the way to the full exploitation of entanglement in precision measurements in presence of strong phase noise.
Introduction
Atom interferometers [1] offer nowadays unprecedented precision in the measurement of gravity [2] , inertial forces [3] , atomic properties [4] and fundamental constants [5] . Their large sensitivity makes almost unavoidable their coupling to the environment which mainly results in a random noise which affects the signal phase. In order to overcome this limitation, many experiments aiming at precision measurements adopt a differential scheme: two interferometers operating in parallel are affected by the same phase noise and accumulate a different phase shift induced by the measured field. Estimation of the differential phase allows high resolution thanks to noise cancellation [6] . Schemes based on this concept have resulted crucial for the precision measurement of rotations [7] , gradients [8] and fundamental constants [9] . Differential atom interferometers have been also proposed for tests of general relativity [10] , equivalence principle [11] , atom neutrality [12] , and for detection of gravitational waves [13] . So far, differential interferometry (DI) has been only exploited with classical resources. Its sensitivity is thus ultimately bounded by the shot noise (SN) limit, ∆θ SN ≈ 1/ √ N , where N is the number of particles in input. For the single interferometer operation, a significant enhancement of phase sensitivity, up to the Heisenberg limit (HL) ∆θ HL ≈ 1/N , can be obtained by using particle-entangled input states [14, 15, 16, 17] . This prediction is under intense experimental investigation with cold [18] and ultracold [19, 20, 21, 22, 23, 24] atoms. However, the analysis of a single interferometer has emphasized [25, 26, 27, 28, 29] that sub-SN cannot be reached in presence of strong phase noise. Is it possible to exploit DI with highly entangled states to overcome the SN [30] in such a noisy environment?
In this manuscript we study DI with two sensors implementing quantum resources and affected by phase noise of arbitrarily large amplitude (see Fig. 1 ) [31] . Our analysis takes into account the correlations of the two interferometer outcomes. It goes beyond the trivial subtraction of the two output phases estimated independently, that does not offer any significant quantum enhancement of phase sensitivity. We provides the necessary and sufficient condition, based on the Fisher information, for an entangled state to allow sub-SN phase sensitivity. We also demonstrate that the HL, which is believed to be only achievable in noiseless quantum interferometers [25, 26, 27, 28] , is preserved by the lossless differential scheme as long as relative noise fluctuations are also at the HL. While the HL is saturated by maximally entangled states which are extremely fragile to particle losses, the SN can be overcome by less entangled and more robust states, as those experimentally created via particle-particle interaction in BoseEinstein condensates (BECs) [19, 20, 21, 22, 23, 24] . These findings open the door to full exploitation of quantum resources in realistic devices, provided that a DI scheme is implemented. 
Parameter estimation in differential interferometry.
Figure 1(a) shows the general DI scheme discussed in this manuscript. It consists of two interferometers running in parallel. The input stateρ is transformed bŷ U (θ, 1 , 2 ) = e −i(θ+ 1 )Ĵ 1 ⊗e −i 2Ĵ2 , whereĴ 1,2 are collective spin operators for the first and second interferometer, respectively. The phase shift in the first (second) interferometer is θ + 1 ( 2 ), where θ is the "signal phase" to be estimated and 1 , 2 ∈ [−π, π] is the phase noise accumulated during the interferometer operations. The values of 1 and 2 change randomly in repeated shots, with probability distribution P ( 1 , 2 ). Our general formalism does not assume a specific noise model and encompasses both Markovian and non-Markovian dephasing [we will later discuss specific forms of P ( 1 , 2 ) and focus on the case of correlated interferometer where 1 = ± 2 ]. We consider a general positiveoperator value measure (POVM)Ê(µ) on the output state and use an unbiased estimator Θ est (µ 1 , ..., µ m ), which is a function of the results obtained in m repeated independent measurements [34] . The variance of the estimator fulfills ∆Θ est ≥ ∆θ CR [32] , where
is the the Cramer-Rao (CR) bound,
is the Fisher information (FI),
are conditional probabilities, and
In particular, if the stateρ is separable in the two interferometers,ρ =ρ 1 ⊗ρ 2 , and the measurement in each interferometer are independent,Ê(µ)
Equation (1) takes into account the full quantum correlations of the interferometers outcomes and provides the lowest possible phase uncertainty, given the conditional probability distribution P (µ|θ). It can be saturated for large m by the maximumlikelihood estimator [32] .
3. Phase sensitivity.
Here we calculate the highest sensitivity allowed by the above DI scheme. We rewrite Eq. (3) as
The noisy differential interferometer with inputρ is thus equivalent to a noiseless interferometer with effective input density matrixρ eff . This equivalence can be used to minimize ∆θ CR over all possible POVMs [33, 34] . We have
where
, where i = 1, 2 labels the interferometer, we have
Depending on P ( 1 , 2 ), the DI may admit a decoherence free subspace (DFS) spanned by states of the system that experience no evolution under the noise [35] . For uncorrelated
= 1 if and only if n 1,2 = m 1,2 , i.e. the DFS simply reduces to the eigenstates ofĴ 1,2 . These states are insensitive to the phase shift and thus useless for phase estimation. As common in several differential atom interferometers, we assume that P ( 1 , 2 ) = P + ( + )P − ( − ), where ± = ( 1 ± 2 )/2 indicates the total ("+" sign) and relative ("-" sign) noise. Equation (8) becomes
A non-trivial DFS, defined by the condition n 1 + n 2 = m 1 + m 2 [n 1 − n 2 = m 1 − m 2 ], exists in the limit of vanishing relative P − ( − ) = δ( − ) [total, P + ( + ) = δ( + )] noise fluctuations. Such DFS can be decomposed in subspaces defined by constant values of M = n 1 + n 2 [M = n 1 − n 2 ]. These, except the trivial case M = ±(N 1 +N 2 )/2, contain coherence terms and are thus relevant for phase estimation. For vanishing total (relative) noise and in the presence of large relative (total) noise, ρ eff becomes block diagonal, [see Fig. 2 ,a] describing a statistical mixture of states with definite M values. We writeρ eff = M Q MρM , whereρ M =π MρπM ,π M are projectors into the fixed-M subspace and
M is the variance ofĴ 1 calculated forρ M and the second bound can be saturated by pure states. For separable states, following [16] and assuming, for simplicity,
whereM is the solution of (N − M ) 2 = N . In general,
In Eqs. (10) and (11), the QFI is maximized by populating only the M = 0 subspace. We recover the same phase uncertainty bounds as in ideal noiseless case: the SN limit, ∆θ SN = 1/ √ mN , for separable states, and the HL, ∆θ HL = 1/ √ mN , for general quantum states. In other words, the condition F Q [ρ eff ] > N , is necessary and sufficient for reaching sub-SN sensitivities. Moreover, according to Eq. (10), overcoming the SN necessarily requires particle entanglement in the effective input state. In full analogy to the noiseless case, there exist optimal entangled states providing a quadratic enhancement of phase sensitivity even in presence of large phase noise. The optimal states for DI are [in the |m 1 , m 2 basis, see Fig. 2 ,b]
These have F Q = N 2 and are not affected by phase noise. The states (12) have been experimentally realized with 2 [38] and up to 8 [39] trapped ions, and further investigated in [40] . While the saturation of the HL requires entangled interferometers, we can still have a HL scaling, i.e. F Q ∝ N 2 if we consider states which are separable in the two interferometers,ρ =ρ 1 ⊗ρ 2 A prominent example is the product of NOON states, which, as shown in Fig. 2 ,c, does not (entirely) belong to the DFS and has F Q = N 2 /4 both when P − ( − ) = δ( − ) and when P + ( + ) = δ( + ).
Differential interferometry with NOON states
In this section we study the differential interferometer schemeÛ (θ,
, each interferometer being represented by the unitary transformation given by a phase shift rotation around the z axis followed by a 50-50 beam splitter. We further assume the phase noise distribution P ( 1 , 2 ) = P + ( + )P − ( − ). As input state we take the direct product of NOON states, |ψ NOON z ≡ |NOON z ⊗ |NOON z , with components along the z direction,
, |µ z being an eigenstate ofĴ z with eigenvalue µ. In the following we provide the conditional probabilities and FI when P ± ( ± ) are even functions of ± and specialize to the case a Gaussian noise distributions. For a discussion on more general noise functions see Appendix C.
The probability to measure a relative number of particles µ 1 at the output of the interferometer 1 and µ 2 at the output of interferometer 2 can be calculated analytically and is given by (see Appendix C for details on the derivation of the equations below)
The optimal value of the FI, F ≡ max θ F (θ), is reached for cos N θ = 0,
Let us discuss the different limit values of Eq. (16) taking into account that V ± K = 1 when P ± ( ± ) = δ( ± ) and V ± K = 0 when P ± ( ± ) = 1/2π. If relative noise fluctuations are vanishingly small,
In other words, if the relative noise between the two interferometers is fixed, a phase sensitivity at the HL can be obtained for arbitrary large total noise (i.e. arbitrary large noise in each interferometer). If total noise fluctuations are large, P + ( + ) = 1/2π, we obtain 
where I 0 (x) is the modified Bessel function of the first kind. This noise function continuously interpolates from a Gaussian distribution of width σ ± , when σ ± 1, to a flat distribution, when σ ± 1. The condition V − 2N ≈ 1 is thus equivalent to
These results show that reaching the HL in the differential interferometer requires relative noise fluctuations at the HL itself.
Precision limit for DI with Bose-Einstein condensates.
In this section we discuss a differential Mach-Zehnder (MZ) interferometerÛ (θ, ε 1 , ε 2 ) = (e −i(θ+ε 1 )Ĵy ) 1 ⊗(e −iε 2Ĵy ) 2 with input states that can be created with two-mode BECs. We consider phase estimation from the measurement of the number of particles in output. We further take vanishing relative phase noise fluctuations in the two interferometers, P − ( − ) = δ( − ), and P ( + ) given by Eq. (17) .
We first consider adiabatic state preparation [42] , focusing on the ground state |ψ gs (Λ) of the HamiltonianĤ =hχĴ [44] . In Fig. 4(a) we report the FI as a function of Λ for the differential MZ with input |ψ gs (Λ) ⊗ |ψ gs (Λ) . Different lines refer to different value of N × σ + , ranging from the noiseless case (σ + = 0, thick dashed line) to uniform phase noise (σ + = ∞, thick solid line). The twin-Fock is optimal for σ + < ∼ 1/N , while for σ + → ∞ the FI is maximized at Λ ≈ N . We further consider states that are created by the nonlinear evolution |ψ dyn (τ ) = e iδĴn e −iĴ 2 z τ |N/2 x starting from a spin coherent state [20, 14, 45] , where τ = χt. Here e iδĴn rotates the state so to maximize the FI in the noiseless case [16, 46] . In Fig 4(b) we show the FI for the differential MZ with input |ψ dyn (τ ) ⊗ |ψ dyn (τ ) . Lines are as in Fig. 4(a) . Interestingly, the short time dynamics (τ < ∼ 1/ √ N , where spin squeezing is created [45] ) is robust and sub-SN is found also for large phase noise. The characteristic plateau (F = N 2 /2 for the ideal case [16] ) is washed out when σ + > ∼ 1/N . The FI at large values of σ + is characterized by several peaks, the most prominent found in correspondence to the creation of macroscopic superposition states ("phase cats") with multiple (larger than two) components. The long-time dynamics at τ = π/2 leads to maximally entangled states (a two components phase cat) having F = N 2 /4, as discussed above.
For specific input states, we have repeated the previous analysis for large values of N (up to N ≈ 1000) and σ + = ∞ (flat total noise case). The results are shown in Fig. 4(c) . The FI reaches an asymptotic power law scaling F = βN α : β = 0.5, α = 1 for coherent spin state (green diamonds); β = 0.2, α = 1.5 for the optimal states of the adiabatic preparation at Λ ≈ N (red squares); β = 0.3, α = 1.4 for the optimal states of the diabatic preparation at time τ ≈ 1/N 3/4 (blue circles); β = 0.39, α = 1.17 for the twin-Fock state (black dots). The solid black line is the analytical NOON state result (α = 2, β = 1/4) discussed previously. The twin-Fock state is an interesting and experimentally relevant [21] example. It is strongly entangled and reaches a HL scaling in the single noiseless MZ, however it performs only slightly better than the SN in the differential MZ with large noise and large number of particles. In Fig 4(d) 
Conclusions.
In this manuscript we have extended the analysis of DI to the domain of entangled states. It is not obvious, a priori, that DI can suppresses spurious phase noise when highly entangled -and thus extremely fragile against phase noise fluctuations -states are used. Our analysis reveals that when the phase noise is perfectly correlated in the two interferometers, and losses can be neglected, there exists a decoherence free subspace where entanglement is passively protected. We have thus identified a class of entangled input state that can provide a sub-SN sensitivity in a differential interferometer up to the HL, even for large noise. This class is non trivial, fully characterized by the FI, and includes states that have been recently created experimentally. We expect our results to be a guideline for quantum-enhanced realistic interferometers in the near future. 
Appendix A. Derivation of Eq. (3).
We here derive Eq. (3) from first principles. We start from the joint probability density P (µ, θ, 1 , 2 ) and integrate over 1 and 2 ,
so to eliminate nuisance parameters. By using the relation P (x, y) = P (x|y)P (y) between joint and conditional probabilities, where x and y are random variables, we have
Since 1,2 do not depend on θ, i.e. P ( 1 , 2 |θ) = P ( 1 , 2 ), we recover Eq. (3).
Appendix B. Derivation of inequalities (10) and (11).
Here we detail the calculation of
M is the variance of the operatorĴ 1 calculated on the fixed-M subspace. We consider the case N 1 = N 2 = N/2 for simplicity. We have 4(∆Ĵ 1 )
are the eigenvalues ofĴ 1 and max M n 1 (min M n 1 ) are the maximum (minimum) values of n 1 in the fixed-M DFS. In general, max M n 1 = min(M + N/2, N/2) and min M n 1 = max(M − N/2, −N/2). We thus have
with equality of ρ M is the equal-weighted superposition of states with the maximum and the minimum value of n 1 in the fixed-M DFS. Taking into account that
We thus recover Eq. (11). Since M ≤ 2N , the second term in the equation above is nonnegative and we find 4
For separable states, we need to further take into account that 4(∆Ĵ 1 )
and thus obtain Here we provide a detailed derivation of the equations presented in Sec. 4 and extend the discussion to arbitrary noise distributions. Let us first calculate the conditional probability distribution of the relative number of particles for the single interferometer with a NOON probe state:
The rotation matrix elements z µ|e
We thus obtain
We now consider the differential sensor described by the unitary operator
We take a NOON state of N particles as input of each interferometer (without loss of generality we assume N to be even) and estimate the phase shift from the measurement of the relative number of particles at the output ports of each interferometer,Ê(µ)
with P (µ i |φ i ) (i = 1, 2) given by Eq. (C.1). After straightforward algebra we obtain
K being an integer number. We are now ready to compute the FI, Eq. (2),
The FI can be written as the sum of three terms:
where the coefficients F C (N, θ), F S (N, θ) and F SC (N, θ) are function of N and N θ and are gives by a sums over µ 1 and µ 2 . To compute the sums we separate the sum over µ 1,2 into sum over odd µ 1,2 and sum over even µ 1,2 (since N is assumed to be even, µ 1 and µ 2 are integer numbers) and take into account that
The above equations allow to calculate the FI given an arbitrary relative and total noise functions. For the case of NOON input states considered here, the FI ultimately depends on the eight Fourier coefficients
. Below, we first shown how the calculation of the FI simplifies when noise distributions are even functions of ε ± . Furthermore, we study the case of perfectly correlated relative noise and arbitrary total noise distribution.
Symmetric noise distributions. If P ± ( ± ) are even functions of ± , the calculation of the Fsiher information simplify notably. We have W ± K = 0, which implies S N (µ 1 , µ 2 ) = 0 for all µ 1 and µ 2 , F C (N, θ) = 0 and F SC (N, θ) = 0. We also have A 2 N (0) = 1+V
, where A ± and B ± have been introduced in Sec. 4. The conditional probability and the FI reduce to Eqs. (14) and (15), respectively.
Perfectly correlated relative noise. In the following we consider the ideal case of perfectly correlated relative noise,
2 .
These equation are the basis of further considerations. For instance, if P + (ε) [we indicate ε ≡ ε + to simplify the notation] is an odd function of ε plus a constant providing normalization in the 2π interval, then V + K = 0 and we can expand it in Fourier series as 
The condition
In this case, evaluating F (θ) at phase values θ such that cos N θ = 0, we have [we recall that F ≡ max θ F (θ)]
The term between brackets does not diverge because of the condition
2 ≤ 1/2 and it is always larger than two. It implies that, in this case F ≥ N 2 /4. To treat a more general case, we consider the noise distribution
which is a normalized sum of M peaks of width σ (for σ 1 e cos( −xn)/σ 2 ≈ e −( −xn) 2 /2σ 2 , the cos function being used to take into account the 2π-periodicity) centered at random positions x 1 , x 2 , ..., x M ∈ [−π, π]. For random choices of x 1 , x 2 , ..., x M we calculate the FI and maximize over θ. In Fig. (C1) we plot the statistical distribution of F = max θ F (θ) as a function of N and M .
For sufficiently large values of N and/or M , the noise distribution (C.5) has vanishing high frequency Fourier components. When increasing M (at fixed value of N and σ) this is due to the fact that the noise distribution tends to become flat in most of the random realizations (i.e. for most of the random choices of x 1 , x 2 , ..., x M ). When increasing N (at fixed σ and σ), this is due to the vanishing tails in the Fourier spectrum of e cos( −xn)/σ 2 . In both cases, the coefficients V 
and
In Fig. C1 we indeed observe that the distribution of F peaks around 1/4 for sufficiently large values of N and M .
For small values of M and N we may have a situations where F/N 2 is very small. In general, for a fixed number of particles, it is possible to derive pathologic noise distributions for which the FI vanishes. To see this, it is convenient to rewrite F (θ) as This integral involves two positive functions. Equation (C.8) is thus fulfilled only if P + to have support in correspondence to the zeroes of cos N . A total noise distribution P ( ) for which the FI vanishes is therefore obtained as a normalized sum of Dirac deltas symmetrically centered at the zeroes of cos N . We argue that this situation is pathological for NOON states where the FI is entirely determined by the Fourier components of P (ε), Eq. (C.3), at K = N and K = 2N . Furthermore, if P ( ), instead of being a sum of Dirac peaks, is a sum of peaks of finite width, we recover, as noticed above, Eq. (C.6) for N sufficiently large.
Appendix D. Numerical Method to compute the Fisher Information
Here we report a method for the numerical calculation of the FI that we used to obtain the results of Sec. 5. Here we consider a differential interferometer and indicate with µ 1 and µ 2 the results of a measurement at the outputs of the two devices. The differential interferometer transformation isÛ (θ, ε 1 , ε 2 ) = e −i(θ+ε 1 )Ĵ 1 ⊗ e −iε 2Ĵ2 and the joint conditional probability reads P (µ 1 , µ 2 |θ) = where we have assumed P − ( − ) = δ( − ). Noticing that the functions P (µ i |x), i = 1, 2, are 2π periodic in x, it is therefore possible to make a Fourier expansion of the functions. This is conveniently done with a Fast Fourier Transform algorithm. Furthermore, the discretized atom number poses a maximum allowed frequency in the decomposition given by Shannon's criterion: respectively. Thus, from the knowledge of the Fourier expansion of the conditional probabilities of the single interferometer, we can directly find the Fourier expansion of the conditional probability of the differential measurement. An advantage of this method is that taking the derivative of P (µ 1 , µ 2 |θ) from Eq. (D.2), necessary to calculate the FI, is immediate.
